The dynamics of free bubbles and of bubbles attached to a wall is not only important for boiling and forced convection heat transfer. They play an important role in the sub-sea generation of sound in the oceans. They affect coalescence and break-up phenomena which are important in many separation processes, in particular during the production of two-phase hydrocarbon fluids from oil reservoirs. It is therefore important to have a systematic theoretical approach to compute bubble dynamics. Such a method is the Euler-Lagrange approach which requires an expression for the kinetic energy and expressions for the generalized forces, including the conservative ones. In many cases the Lagrangian and expressions for the generalized forces are simply postulated. It is not always possible to derive them. The formulation of work agencies relevant for a certain process in terms generalized coordinates, in particular, is not always trivial. For the hydrodynamics of a deforming bubble, however, a rigorous derivation from first principles is possible. In the second section of this paper this derivation is given for deforming bubbles which are freely moving or are attached to a solid surface. The assumptions made in this derivation will make clear that the limitations of the approach are mainly in the computation of the drag related to the free vorticity present. Especially in the case of a fast growing boiling bubble this contribution is usually negligible and the so-called Levich drag, which can be computed from the velocity potential, is a good approximation of the total drag.
BUBBLE DYNAMICS IN LAGRANGIAN FORMALISM

Derivation of generalized forces
Suppose a Newtonian fluid fills a container to a height H, as sketched in Fig. 1 . If bubbles are spheres or truncated spheres, h denotes the distance of the bubble center to the bottom wall. If bubble shape is different, h denotes -g . x CM , with x CM the location of the center of mass in a coordinate system centered at the bottom and g the acceleration of gravity. The definition of the center of mass of a bubble is
Each normal to a liquid-vapor interface, n, points into the liquid and the contact angle θ is measured in the liquid, see Fig. 1 . The mechanical energy balance [2, §3.3] can be given the following form:
Energy dissipation rate per unit of volume, Φ 1m3 , is given by τ : ∇ ∇ ∇ ∇ v = ½µ ∑ ij (∂v i /∂x j + ∂v j /∂x i ) if v i are the velocity components of velocity v in a Cartesian coordinate system x, µ denotes dynamic viscosity and τ is the viscous stress tensor with components µ (∂v i /∂x j + ∂v j /∂x i ). The sign of τ differs from that of Bird et al. [2, §3.2] . Pressure p in the liquid has the value p w at the bottom. The total kinetic energy, T L , in volume V is given by
2 ) dV. In order to assess the time rate of change of T L , the volume integral of (2) is taken. The following transport theorem for arbitrary C 1 -function f goes by the name of the Leibniz theorem,
The minus sign in Eq. (3) occurs because the normal is inward to the volume V of liquid; u S is the velocity of the boundary of V, ∂V. Equation (3) is used to evaluate the expression resulting from taking the volume integral of (2) . The no-slip condition at solid boundaries reduces the surface integrals to integrals only over liquid-vapor/gas interfaces, the sum of which is denoted with S. Application of (3) and of the Gauss theorem (also named divergence lemma) yields
if the fluid is incompressible and if Φ denotes the total rate of energy dissipation. The second term on the RHS of Eq. (4) is named the traction term. The last term on the RHS of Eq. (4) accounts for transfer of kinetic energy due to mass transfer across the vapor-liquid interface, i.e. condensation and evaporation. Evaporation takes place if in direction n, which is into the fluid, the fluid particles move slower than the interface, i.e. if m & ≡ ρ L n. (u S -v) is positive.
Since gravity is conservative it can be derived from a potential function:
where the mass density has been assumed to be homogeneous and ∂ i denotes derivation with respect to the Cartesian coordinate x i corresponding to the basis unit vector e i . To eliminate the remaining volume integral in (4), the Green identity for arbitrary C 1 -functions f and h is used:
The minus sign in Eq. (6) is once again due to the pointing of n into the volume of fluid under consideration. The choice f = g. x ρ L and h = φ where φ is the velocity potential defined by
leads to
Boundary S comprises the liquid-gas interface on top of the vessel. Even in the case of local evaporation or condensation, so for nonzero m & , conservation of mass for constant mass density leads to
Let S b denotes all the free interfaces of bubbles in the vessel and p w be the hydrostatic pressure at the bottom of the vessel. Equation (9) implies for the liquid-gas interface at the top, so for
The gravity contribution in Eq. (10) can be expressed in familiar terms of the centers of mass of bubbles in the vessel in the following way. Let v CM denote the velocity of the center of mass of a bubble. For ease of writing, only one bubble will be assumed to occur in the vessel. Generalization is straightforward and merely requires summation over the centers of mass of bubbles in the vessel. With mass transfer across the vapor-liquid bubble interfaces taken into account, the Green identity yields:
The last term obviously accounts for transfer of potential energy with evaporation or condensation. The first term on the RHS of (11) is the familiar work done by gravity on displacement of a volume V in a fluid, i.e. the work related to the Archimedes force. The pressure in Eq. (10) can be expressed in terms of the pressure in the bubble, p b , with the aid of the dynamic boundary condition:
where K m is the mean curvature which equals half the sum of the principle curvatures and for a sphere equals -1/R with R the radius of the sphere. In some literature 2K m is taken to be the mean curvature. Viscous stresses in the bubble, 
Part of this term can alternatively be used to cancel the last term on the RHS of Eq. (10). Substitution of Eq.'s (11) and (12) in Eq. (10) then gives
The kinetic energy transfer connected with evaporation or condensation is accounted for by the last term on the RHS of Eq. (14).
since n is the outward normal to V b . This gives with
The contribution of condensation and evaporation, i.e. the last term on the RHS of (15), comprises the common enthalpy loss and loss of potential energy with evaporation of liquid, as well as two less familiar terms, one in v G . v and one in -p b /ρ L . The evaporation/condensation contribution is usually small as compared to hydrodynamic forces and is therefore not further considered here. The remaining surface integral concerns capillary forces at the bubble-liquid interface, S b , which for a single bubble with the shape of a truncated sphere reduces to the surface area A bL , see Fig. 2 . Let A bw denote the area of the bubble foot at the solid wall, see for example Fig. 2 . The reduction of the capillary force term requires some differential geometry which is skipped here for sake of space. If the contact angle at the bubble foot is constant, the result can be written as
(16) Expression (16) for the time rate of change of kinetic energy of the liquid will now be used to derive expressions for the generalized forces, in particular for the case of a truncated sphere. It will also be shown how these generalized forces can be reduced to familiar force expressions. Let Q j denote the generalized force on the liquid corresponding to generalized coordinate q j , and let F j = -Q j be the corresponding generalized force on the bubble. All work contributions to
are independent from one another which simplifies derivation of expressions for the Q j with help of (16). Take for example a truncated sphere with radius R and take q 1 = R and q 2 = h, h being the distance of the geometrical center to a plane wall. Since in this case
the first two terms on the RHS of (16) contribute
to the generalized force corresponding to h, Q h . In this case dT/dt is written as -
force component on the bubble normal to the wall, positive if directed away from the wall, into the fluid. The following relations, needed to quantify terms in (18), are easily derived for a truncated sphere:
Areas A bw and A bL denote the contact area of the bubble with the wall and that of the bubble with liquid, respectively. Now (18) shows that the action of gravity in direction -g is through two terms, one of which comprises ∂x CM /∂h. For a free bubble the latter term equals (ρ L V b g), which is Archimedes force, while ∂V b /∂h is zero. With (19) it follows for a truncated sphere that
So the combination of the two terms with gravity in (18) is the Archimedes force. Equation (20) holds for arbitrary bubble shape which is not proven here for sake of space. The (p b -p w )-term in (18) is A bw times the overpressure inside the bubble with respect to the hydrostatic pressure at the wall. This term is named the "pressure correction force" or such, and is usually derived from integration of hydrostatic pressure and the divergence theorem [3] . It is concluded that (18) despite its general and less familiar form only comprises known force contributions related to pressure and gravity. The last two terms on the RHS of (16) contribute
to Q h . For the case of a truncated sphere with radius of its foot given by r foot , the sum of these terms gives the following negative term in direction -g, which is in h-direction: -2π r foot σ sin(θ). This is the familiar expression for the surface tension force that attracts the bubble to the wall. Since Φ corresponds to the familiar drag force, all contributions to Q h have now been identified. Without drag, -F h = F σ + F ∆p with for a truncated sphere
The generalized forces of Q R are derived in a similar way. The Euler-Lagrange equations of a truncated sphere will be given below, where it is also demonstrated how the value of F h can be evaluated from T with the Euler-Lagrange equation corresponding to h. The sum of all the forces in h-direction, F h + F σ + F ∆p , is zero since the mass of the bubble is neglected.
Boundary condition at the three-phase contact line
Even if the bubble shape appears to be that of a truncated sphere, the actual shape near the bubble foot might be different. Camera resolution and the so-called mirage effect normally prohibit observation of the actual shape near the foot of the bubble. Neither the relaxation micro layer of van Stralen [4] nor the thin liquid layer of Stephan [5] has been observed directly, as far as I know. It is nevertheless well known that the apparent contact angle may deviate from the actual contact angle at the contact line. The dynamic contact angle depends on the motion of the contact line but is an apparent contact angle as well. The apparent contact angle appears to depend on velocity whereas the actual contact angle may not depend on velocity of the contact line. The foot of a boiling bubble created at an artificial cavity with sharp edges is usually pinned to the cavity. The contact angle may appear to vary during the growth whereas the actual angle might be constant.
The contact line of a bubble pinned to an artificial cavity may appear to move away from the cavity. The apparent contact angle has then obviously little to do with the actual contact angle. In such a case, the shape of a growing boiling bubble might be well approximated by a truncated sphere with an apparent contact angle, whereas the stability of the bubble depends on the actual contact angle, i.e. on the adhering forces of the confining solid boundary. The stability of a vapor-liquid interface and its susceptibility for disturbances depend on these adhering forces. Stable, stationary bubble and drop shapes are known to exist. The mere concept of static contact angle exists by virtue of the fact that each drop or bubble, with given mass content, has only one single actual contact angle and only one single corresponding stable shape. So if the stability of a bubble shape is being investigated it should be made sure that
•
A single stationary solution exists.
The actual contact line is considered.
These seemingly innocent statements will be seen to have a great impact on the stability analysis of a truncated sphere shape.
Traditional contact equilibrium studies [11, 12] assume the following:
• The solid is mathematically smooth. This outcome is independent of the presence of a gravitational field and of the assumption of contact volume or constant pressure in the calculus of variations. The Young equation (23) contains physical information that is additional to the information used in the above derivation of (16). With the above two requirements, in particular that of the existence of a single stationary solution, it will now be shown that for stability analysis angle θ of (16) should become the static contact angle, θ st .
Name ∆p = (p b -p w ). The two equations that in the absence of gravity and drag hold for a stationary, truncated sphere follow from (18) and (21):
With (19) and ∂A bw /∂R = 2πR, these two equations yield for given ∆p the Laplace equation ∆p = 2σ /R for any choice of h. So the contact angle, equal to arccos(h/R), can have any value which implies that for given fluid-vapor-solid combination not a single static contact angle exists. If, however, the term σ cos(θ) would be replaced by a presumably constant ∆σ in both the above equations, not only the Laplace equation but also the Young equation, (23), would result. So a stationary truncated sphere is found to have the appropriate contact angle only with constant cos(θ st ) replacing cos(θ) in (16). It makes no sense to use the governing equation with σ cos(θ) for a stability analysis because a disturbance of the interface would yield excursion since each height h would yield a stationary condition. This has been confirmed by perturbation analyses of the full equations as well as by a full solution of these equations by timeintegration from given initial condition. In the following, the term σ cos(θ st ) will therefore be used in (16).
STABILITY ANALYSES Free bubble: effect of initial amplitude on frequency
Let the interface of a freely moving bubble in an infinite fluid be described by the following series of Legendre polynomials, P k , for the radial distance to the centre point:
Here ξ is polar angle and t denotes time. The coefficients b k are the generalized coordinates. The content of the bubble satisfies the equation of state:
with γ a parameter that may be taken to equal the ratio of specific heats, or to be 1 for an isothermal process. Let T L denote the kinetic energy in the fluid around the bubble. Added mass coefficients ψ ij are defined such that in the case of potential flow in an infinite fluid the kinetic energy is given by
The added mass coefficients determine the fluid inertia forces and retain their value also if vorticity is present and have therefore a general validity [5] . The Euler-Lagrange equation corresponding to b 3 reads
where the generalized force 
This yields 
The Euler-Lagrange equation (28) yields
The added mass coefficients can be expressed in terms of components of the inverse of an operator, G ij , which are polynomials in the {b k }, see ref. [3] . The ψ ij are therefore rational functions of the generalized coordinates.
The perturbation analysis boils down to equating terms with equal power of β. This yields b 11 = 0 and for b 31 a differential equation which has only one solution if the initial conditions are employed:
The solution for b 32 is:
These approximations have been validated with full computations. A similar perturbation analysis for the isotropic component b 1 shows [1, 9] that the amplitude of b 1 can be made to become large by selecting ω L and ω RP conveniently.
In such a case, oscillation energy is periodically transferred from the b 3 -mode to the b 1 -mode [9] , see Fig. 3 .
The solution (34) explains in the following way the remarkable experimental finding that the radian frequency of an oscillating globe appears to be decreasing with increasing value of the initial amplitude, i.e. with increasing β. A summary of some of these experimental results is given in ref. [10, page 535] .
To the same order of powers of ω L t, the expansion of cos(
This shows that for times small enough for the (ω L t) 4 -term to be relatively unimportant b 3 is well described by
Full solutions show that this is indeed a good approximation of b 3 during the first cycles of oscillation. Measurement accuracy and averaging over the time of observation explain occasional discrepancies between experimental observations and this approximation of b 3 .
The bubble shapes measured at or near a wall are approximately described by R 0 (1+β P 2 (cos(ξ)) with β about 0.1.
The resulting effect on the radian frequency of oscillation is on basis of the above findings expected to amount a few percent at maximum.
Free bubble: effect of the distance to the wall
The period time of a freely oscillating bubble increases when its distance to the wall is decreased. This has been investigated for the lowest fundamental modes of oscillation [1] . Even when placed very close to the wall, the maximum change in radian frequency is about 10 %. This is also true for the oscillation frequencies observed in b 1 . During the first cycles these are frequencies close to 2{1 -β 14 5 }ω L and to ω RP . The latter high frequency is quite accurately given by [1] ω RP /√{1 + R/(2h) -(3/0.7)(R/h) 4 /64} (36)
The 0.7 in this expression stems from the value of the familiar added mass coefficient close to the wall.
Truncated sphere
With V 0 = 4πR 3 /3, the kinetic energy of a truncated sphere with generalized coordinates (R, h) is given by
by definition of the added mass coefficients, α, υ and ψ (υ was written as tr(β) in [8] ). The added mass coefficients can be represented by polynomials of λ = R/(2h), see [8] . The governing equations in the absence of gravity and drag are the following coupled Euler-Lagrange equations:
The inertia lift force F lift,h is given by Eq. 29b of [8] , and F lift,R is a similar lift force:
To increase generality of the results, the equation of state p b V b γ ≡ constant is employed, which includes the case of isothermal expansion of a bubble (γ = 1). This equation of state merely induces an additional high-frequency, periodic motion with frequency close to ω RP as it also did in the above cases of free bubbles [1, 3, 8] .
Suppose a stationary state of a truncated sphere exists, described by height h 0 and radius R 0 . It will now be investigated what the conditions for this existence are if a disturbance is applied to the shape. Let λ 0 be defined as R 0 /(2 h 0 ) and β be a small perturbation parameter in the following equations that define r 1 and h 1 :
Differential equations for r 1 and h 1 with only constants and λ 0 follow from (38)-(41) upon collecting terms with equal power of β. For β = 0 this yields the shape requirement 1/(2λ 0 ) = cos(θ st )),
as expected. This finding confirms that it is appropriate to use σ cos(θ st ) in (16), as discussed in the above. Equating terms proportional to β yields after a procedure which will be detailed elsewhere [11] that both r 1 and h 1 exhibit periodic motion with radian frequency ω 1 that is approximately described by
For typical truncated sphere shapes of boiling bubbles [12] this implies that the frequency is nearly halved as compared to the frequency of a free bubble. The physical reason for this is the necessity of an expanding bubble at a wall to also move its center of mass away from the wall. Isotropic deformation at a wall is only possible with simultaneous rectilinear motion of the center of mass. For this reason three added mass coefficients are important, as reflected by the necessity to simultaneously solve Eq.'s (38) and (39). The decrease in frequency has indeed been observed experimentally [11] .
It is noted that the two second order differential equations (38) and (39) can be converted into a set of four first order equations. Linearization of this set yields the so-called variation equation with matrix A. If none of the eigenvalues of A are purely imaginary, the variation equation possesses the same qualitative behavior as the full equations in the critical point corresponding to a stable solution. This approach did not yield new information, whereas the above perturbation analysis has the benefit of accommodating large amplitude deformation with the aid of higher order terms in β.
EXPERIMENTAL CONSIDERATIONS REGARDING THE AMPLITUDE OF OSCILLATION
Growth of boiling bubbles under normal conditions is that fast that detachment occurs in a time typically of the order of a few ms [12] . The period of oscillation, T osc , predicted by (43) is of the same order of magnitude. Accurate measurement of the relation between bubble size and T osc therefore requires special measuring conditions. We have been able to create boiling bubbles with a time of growth and detachment of the order of 250 ms [11] . Damping by viscosity is normally that high that an initial disturbance is gone away before a quarter of a second has passed by. It is therefore mandatory that a flow situation is created that energizes the bubble motion. However, we accidentally found out that sustained oscillatory motion also may occur on a bubble generator with an artificial cavity in quiescent pool boiling. Since the source of energy is in this case apparently absent, PIV experiments have been carried out to determine the velocity field around the bubble. In addition, a dedicated experiment has been designed to validate the assumption that kinetic energy of the flow field is required to sustain bubble oscillation. It was attempted to create a situation in which no forced convective flow is reaching the vapor-liquid interface while also no bubble oscillations are observed. Results are discussed below.
The bubble generator has a flat circular top end of 10.0 mm with a hole positioned in its center. The diameter of the hole is 40 µm, and this hole leads to a cavity that is filled with gas. Joule's heating is applied to an area in the top of the generator. This bubble generator has been placed in an initially stagnant pool of liquid at near-saturation temperature. In the initially quiescent fluid the bubble generator produces bubbles without oscillation. If then an immersed heater in the vessel, far away from the bubble generator, is switched on small currents are introduced in the vessel. These currents cause disturbances at the vapor-liquid interface of the bubble and set off oscillations. Possibly these currents promote the velocity field around the bubble generator in this pool boiling case which has been measured with PIV. Figure 4 shows a typical result. Convection currents along the bubble generator, essentially a rod of 10 mm thickness, are found to occur in the vessel. This is probably natural convection. The top of the bubble generator is heated and therefore relatively hot. The generator therefore acts as a chimney in the vessel. This explains the upward velocities along and further above the generator in Fig. 4 . As a consequence of this chimney action, roll cells are induced near the bubble. These cells create a downward flow towards the top of the bubble. This downward stagnation-type flow provides the energy for the sustained oscillation of the bubble.
It was found that if the above bubble generator is mounted upside-down in the pool-boiling vessel, no shape oscillations are found under circumstances that in upright position would have been found. The bubble foot in upsidedown case moves away from the cavity, see the typical example of Fig. 5 . The bubble keeps on growing to a size far beyond sizes found in upright position while growth time is an order of magnitude higher. PIV recordings of velocities around bubbles underneath the upside-down bubble generator reveal only velocities introduced by the growth of the bubble itself. No enforced velocity field being present to deliver kinetic energy to the vapor-liquid interface, no oscillations are found in this case. This is a necessary, although not sufficient, requirement to support the assumption that kinetic energy of the flow field is needed for sustained bubble oscillations. Since all energy provided to the vessel is coming from electric heating power, the energy of sustained interfacial deformations is essentially stemming from heat currents. The evidence provided in the above indicates that the kinetic energy of roll cells and a kind of stagnation flow towards the bubble are intermediary transport agencies.
CONCLUSIONS
An Euler-Lagrange approach to compute the dynamics of axisymmetric deformation of free bubbles and of deforming bubbles with a foot at a plane wall has been presented and applied. In particular, expressions for the generalized forces have been derived. Limitations of the approach are in the hydrodynamic and dissipating forces related to free vorticity in the flow. For a fast growing boiling bubble without cross-flow this contribution is usually negligible.
For a free bubble, the radian frequency of oscillation depends on amplitude of oscillation and on distance to a wall. These effects have been quantified and explained. For an expanding and moving truncated sphere footed on a plane wall two governing equations have been derived that quantify the inertia forces in the case of axisymmetric flow. With this two-equation model, the experimentally observed growth and detachment of a boiling bubble in saturated liquid could be reproduced with constancy of vapor pressure as equation of state.
We have observed that under certain process conditions boiling bubbles while being attached to an artificial cavity became oscillating in shape for a long time, e.g. a quarter of a second. The source of energy for the sustained boiling bubble oscillation has been determined with the aid of dedicated experiments. A stability analysis of the two-equation model for a truncated sphere helps to explain the low radian frequency of oscillation, low as compared to the frequency of free bubbles of the same size under similar conditions. The relatively low value results from the combination of two added mass force contributions (represented by three added mass coefficients): one related to isotropic deformation (expansion and contraction), the other related to motion of the center of mass above the plane wall. Figure 1 . Schematic of water vessel containing free and attached bubbles. Distance h in case of a free bubble is the distance of the center of mass x CM to the bottom, and in the case of a truncated sphere the distance of the geometrical center to the bottom. Height H is the mean height of the fluid-gas interface at the top of the vessel to the bottom. Each normal to a liquid-vapor interface points into the fluid. Contact angle θ of an adhering bubble is measured in the fluid as indicated. 
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